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ing, University of Massachusetts, Amherst, MA 01002, USilty sand is a soil mixture with coarse grains and ﬁne grains. Experimental observations have shown that
small amount of ﬁnes may reduce the undrained shear strength signiﬁcantly. The purpose of this paper is
to propose a micromechanical model for the stress–strain behavior of silty sand inﬂuenced by ﬁnes under
drained and undrained conditions. The micromechanical stress–strain model accounts for the inﬂuence
of ﬁnes on the density state of the soil mixture, thus consequently affect the critical state friction angle
and the amount of sliding between particles. The present model is examined by simulating typical
drained and undrained tests in conventional triaxial conditions. The simulated stress–strain curves are
compared with the measured results on samples made of Ottawa sand and Foundry sand with various
amounts of ﬁnes. The predictive ability of the present model for simulating the behavior of silty sand
is discussed.
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The stress–strain behavior of silty sand has been experimentally
studied by many investigators, e.g., Kuerbis et al. (1998), Pitman
et al. (1994), Zlatovic and Ishihara (1995), Lade and Yamamuro
(1997), Thevanayagam (1998), Thevanayagam and Mohan (2000),
Salgado et al. (2000), Thevanayagam et al. (2002), Ni et al. (2004),
andMurthy et al. (2007). Depending on the amount of ﬁnes content,
the microstructure of a granular mix can be constituted with differ-
ent ways of packing arrangements, which leads to different stress–
strain responses. Among many variations, Thevanayagam et al.
(2002) gave three extreme limiting categories of microstructure
(see Fig. 1): (case i) coarse grains skeleton, (case ii) ﬁne grains skel-
eton with coarse grains dispersed in the ﬁne grain matrix, and (case
iii) a layered system where the coarse grain layers have no ﬁnes
conﬁned in them and vice versa. Within case i there are three sub-
sets: (1) the ﬁnes are conﬁned within the void spaces between the
coarse grains with little contribution to supporting the coarse grain
skeleton; (2) they partially support the coarse grain skeleton; (3) or
they partially separate the coarse grains. For silty sand with less
than 25% ﬁnes, which is commonly found in natural environment,
the microstructure can be best described by case i. It has been dem-
onstrated in the experimental results that a small amount of non-
plastic ﬁnes contents can signiﬁcantly reduce the undrained shearll rights reserved.
: +1 413 545 4525.
), zhenyu.yin@gmail.com (Z.-
and Environmental Engineer-
SA. Tel./fax: +862134207964.strength of silty sand. Thus, soil with less than 25% of ﬁnes may
have a very low strength that causes liquefaction problems during
earthquake or instability problems of embankments/levees due to
ﬂooding. In this paper, we focus on modeling the stress–strain
behavior of silty-sand with less than 25% ﬁnes.
Very little effort has been devoted to the modeling work of
silty-sand. Yamamuro and Lade (1999) had made modiﬁcations
to the shape of the yield surface in their single hardening model
which enables predictions of the behavior pattern of Nevada sand
with 20% ﬁnes. This type of approach may be cumbersome for
applications to silty sand with different amounts of ﬁnes, because
the yield surface may be of different shapes for different amounts
of ﬁnes content. In order to overcome the difﬁculties, we propose a
new model for the behavior of silty sand.
Since we aim to model soil with ﬁnes content below 25%, the
soil behavior is primarily dominated by the coarse grain skeleton.
In order to model the deformation of coarse grain skeleton with
the effect of various amounts of ﬁnes content, we propose a model
based on a micromechanics approach similar to that utilized by
Chang and Hicher (2005).
In what follows, special considerations required for modeling
silty sand using a micromechanics approach are ﬁrst discussed.
The density characteristics for the soil mixture are signiﬁcantly
affected by the amount of ﬁnes. To model this effect, an equation
is derived to determine the void ratio change due to the presence
of ﬁnes. A micromechanical model for silty sand is described that
accounts for the inﬂuence of ﬁnes, through which, the deformation
of an assembly can be obtained by integrating the movement of the
inter-particle contacts in all orientations. Experimental results on
Fig. 1. Inter-granular soil mix classiﬁcation (After Thevanayagam et al., 2002).
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the model’s capability for prediction of silty sand behavior with
the inﬂuence of various amount of ﬁnes under both drained and
undrained conditions.Fig. 2. (a) Two phase diagram for host sand and (b) three phase diagram for mix-
soil with host sand and ﬁnes.2. Considerations in modeling of silty sand
Silty sand consists of coarse and ﬁne grains, which are very dif-
ferent in particle sizes. The focus of this paper is on silty sand with
small percentage of ﬁnes. Under this situation, silts are mostly
ﬁlled in the voids of the coarse grain skeleton with a small portion
of silts wedged between coarse particles. Thus the mechanical
behavior of the material can be assumed predominantly governed
by the network made of coarse-grains (see Fig. 1, case iii); i.e., the
deformation of silty-sand is primarily caused by rearrangement
of the coarse grain skeleton. Thus we treat the silty sand as a net-
work of coarse grains. However, special considerations are needed
for the behavior between coarse grains, which is inﬂuenced by the
presence of ﬁnes. In this way, silty sand can be modeled using the
same frame work as that used for sand (e.g. the micromechanics
approach by Chang and Hicher (2005)).
Two major aspects due to the inﬂuence of ﬁnes are considered
here: (1) the amount of ﬁnes is an important factor that affect
the amount of particle sliding, resulting a change of void ratio. A
method is proposed to account for the inﬂuence of ﬁnes on the
characteristics of void ratio change; and (2) since the soil is treated
as a network of coarse grains, the contact density, N/V, is referred
to the total number of contacts between coarse grains per unit vol-
ume. A method of estimating its value is discussed. Details of these
two aspects are given below:
2.1. Density characteristics of soil mixed with ﬁnes
In a packing of single sized spherical particles, the porosity can
range from 26% for a tight rhombohedral, or 48% for a loose cubical
packing structure. For a packing consisting of two spherical particle
sizes, an ideal bimodal packing will occur. The minimum void ratio
of a bimodal packing has been studied by many investigators
(Podcreck, 1996; Yu et al., 1993; Rassouly, 1999). The minimum
void ratio as a function of the amount of ﬁne particles has been
shown by the classic theory of Furnas (1931). When ﬁne particles
are added to the coarse particle packing, the void ratio decreases
with the increase of ﬁne particles as the ﬁne particles occupy the
space between coarse particles. The rate of void ratio change with
added amount of ﬁnes is dependent on the ﬁne particle size rela-
tive to coarse particle size. When the fraction of ﬁne particles
reaches 26.5%, the packing void ratio reaches its minimum and
starts to increase with additional ﬁnes. Similar behavior is also ob-
served in silty sand. However, Furnas formulas developed for a bin-
ary packing is not applicable to silty sand due to the fact that silty
sand is not a pure binary packing and the particle shapes are not
spherical. In fact, the size distribution and particle shapes are gen-
erally complex for silty sand. Therefore, a phenomenologicalapproach is necessary to describe the void ratio change with the
amount of ﬁnes content.
For specimens prepared using the same mechanical process, the
void ratio of clean sand eh would be different from the void ratio e
of sand mixture due to the inﬂuence of the ﬁnes content. We at-
tempt to propose a relationship between the void ratio e of the soil
mixture and the void ratio of the host clean sand eh as a function of
ﬁnes content fc. Treating the host sand as a two-phase material (as
shown in the phase diagram in Fig. 2a), the host void ratio eh is de-
ﬁned by
eh ¼ VvVh ð1Þ
where Vv and Vh are respectively, the volume of voids and the vol-
ume of solid for host sand. Adding the ﬁnes may alter the packing
structure and change the volume of voids to Vv + DVv. Let the solid
volume of ﬁnes be Vf, the content of ﬁnes fc is deﬁned as
fc ¼ Vf =ðVf þ VhÞ ð2Þ
The phase diagram for the soil mixture, treated as a three-phase
material, is shown in Fig. 2(b). The void ratio for the soil mixture
is the total volume of voids divided by the total volume of solid.
e ¼ Vv þ DVv
Vh þ Vf ð3Þ
The voids decreases as the ﬁne particles ﬁll in the voids sur-
rounded by coarse particles, and increases as the ﬁne particles
wedge between coarse particles, pushing the coarse particles apart.
Nevertheless, it is reasonable to assume that change of voids DVv is
proportional to the amount of ﬁnes Vf added to the host sand.
DVv ¼ aVf ð4Þ
The limit condition is that all ﬁnes are ﬁlled in the voids of coarse
grains, which corresponds to a = 1. The value of ‘‘a’’ depends on
the fabric structure of the soil mixture (e.g. grading and particle
shape) and the mechanical process used to produce the sample.
Substituting Eq. (4) into Eq. (3), the void ratio of the soil mixture
can be deduced to
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The relationship in Eq. (5) is derived on the assumption that the
void ratios e and eh are produced by the same mechanical process.
The validation of Eq. (5) is conﬁrmed by comparing the minimum
void ratios of soil mixtures for various amount of ﬁnes fc. Replacing
e by emin and eh by (eh)min in Eq. (5), then
emin ¼ ðehÞminð1 fcÞ þ afc ð6Þ
As shown in Fig. 3(a), the value a varies with particle size according
to the experimental data by McGeary (1961) for minimum void ra-
tio of a binary packing of glass beads. In the four different packing,
the coarse particle size D is 3.15 mm, and the ﬁne particle sizes d
are 0.28, 0.48, 0.66, and 0.91 mm, respectively. The corresponding
ratios D/d are 11.25, 6.56, 4.78, and 3.46. Fines with smaller particle
sizes are likely to ﬁll into the voids of coarse grain network, and
cause a rapid decrease in void. The large-size ﬁnes do not easily
ﬁt into the voids of coarse grains, rather, they tend to push the
coarse grains apart. Therefore, the decrease of total voids in the soil
mixture is inversely proportional to the ratio of particle size D/d.
Eq. (6) is also used to ﬁt the minimum void ratios for soil mix-
tures with three different host sands: Foundry Sand, Ottawa Sand
and Toyoura Sand, as shown in Fig. 3b. The minimum void ratios
of Foundry sand mixed with ground quartz were reported by
Thevanayagam et al. (2002). The mean grain size D50, correspond-
ing to 50% passing weight of the gradation curve, is 0.25 mm for
Foundry sand and the mean grain size d50 is 0.01 mm for the
ground quartz. The ratio of coarse-to-ﬁne grain sizes D/d is 25.
The minimum void ratios of Ottawa sand mixed with crushed silica
were reported by Salgado et al. (2000). For Ottawa sand, the mean
grain size D50, corresponding to 50% passing weight of the grada-
tion curve, is 0.39 mm and for the crushed silica, the mean grain
size d50 is 0.023 mm. The grain size ratio D/d is 17. The minimum
void ratios of Toyoura sand mixed with ﬁnes ground from the same
Toyoura host sand in a ball mill, was reported by Salgado et al.
(2000). For Toyoura sand, the mean grain size of D50 is 0.17 mm
and for the ground ﬁnes, the mean grain size d50 is 0.01 mm. The
grain size ratio D/d is 17. Particle shapes of Foundry and Ottawa
sands are round to sub-round, but the particle shape of Toyoura
sand is elongated. The ﬁne particles in all three soil mixtures have
angular shapes.
Comparing the experimental results in Fig. 3a and b, the range
of the measured values of ‘‘ a ’’ for the soil mixtures is correspond-
ing to that for the glass beads with grain size ratios D/d < 4.8, how-Fig. 3. Effect of ﬁnes on minimum void ratio for (a) binary packing of glass beadever, the grain size ratios D/d for the soil mixtures are much larger
than 4.8 (i.e., 17–25). This discrepancy may be caused by the angu-
lar particle shapes of the ﬁnes. Furthermore, the ratios D/d are 17
for the soil mixture with Toyoura sand and the soil mixture with
Ottawa sand. However, the ‘‘a’’ value for the soil mixture with
Toyoura sand, as shown in Fig. 3b, is much smaller than that for
the soil mixture with Ottawa sand, which perhaps is due to the
elongated shape of sand particles of Toyoura sand. The inﬂuence
of particle shapes for both the host sand and the ﬁnes are signiﬁ-
cant for the values of ‘‘a’’.
The assembly of a soil mixture with a higher content of ﬁnes is
easier to be compacted to a denser state. A large value of ‘‘a’’ indi-
cates that the inﬂuence of ﬁnes content is greater; for the same
amount of ﬁnes content, the soil with a large value of ‘‘a’’ would re-
quire less effort for mobilizing and rearrangement of grains in or-
der to have a volume reduction. This factor will be used later in a
hardening rule for estimating the magnitudes of particle slips
due to the inﬂuence of ﬁnes content.
2.2. Contact density for coarse grain skeleton
For sand, the contact density can be estimated from its void ra-
tio (Chang et al., 1989). For the present model of silty sand, the
contacts are referred only to coarse grains which may be in the
form of direct contact or indirect contact through ﬁne particles.
Thus the void ratio of silty sand e cannot be used directly to esti-
mate the contact density. Following the concept of Eq. (5), an
equivalent void ratio eh is proposed as
eh ¼ e afc1 fc ð7Þ
The equivalent void ratio represents the void ratio of an imagined
coarse grain assembly under the same mechanical process that
would produce the void ratio e of silty sand with ﬁnes content fc
(see Eq. (5)). This equivalent void ratio can be used to estimate
the equivalent coordination number Cn from an empirical equation
for sand (Chang et al., 1989).
Cn ¼ 13:28 8eh0 ð8Þ
The contact density (deﬁned as the total number of inter-particle
contacts per unit volume N/V) for the coarse grain skeleton can be
estimated from the average coordination number Cn and the equiv-
alent void ratio of the host clean sand.s (D = 3.15 mm for host spheres), and (b) three different types of silty sands.
Fig. 4. Local coordinate at inter-particle contact.
Fig. 5. Effect of ﬁnes on internal friction angle.
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V
 
0
¼ 3Cn
pd3ð1þ eh0Þ
ð9Þ
where d is the mean size of coarse grains. The evolution of N/V due
to void ratio change from initial eh0 to current eh follows:
N
V
¼ 3ð13:28 8ehÞ
pd3ð1þ ehÞ
ð10Þ
It is noted that the proposed form of the equivalent void ratio in Eq.
(7) is similar to that of the inter-granular void ratio, eg , proposed by
Thevanayagam and Mohan (2000), which was also referred to as in-
ter-granular contact index, deﬁned as follows:
eg ¼
eþ ð1 bÞfc
1 ð1 bÞfc ð11Þ
In which, fc is ﬁnes contents, e is the void ratio of the soil mixture
and the value of b is bounded between 0 and 1. The equivalent void
ratio, when a = 1, also reduce to the skeleton void ratio deﬁned by
Vaid (1994), Kuerbis et al. (1988), and Pitman et al (1994),
eg ¼ eþ fc1 fc ð12Þ
which represents the void ratio of the coarse-grain network in ab-
sence of the ﬁne particles. Although Eq. (7) and Eqs. (11) and (12)
are similar in form, their intended usages are different. The pres-
ently proposed equivalent void ratio is used merely for calculating
the contact density N/V, which is to be used in the micromechanics
model for predicting behavior. Whereas, the inter-granular void ra-
tio or skeleton void ratio was used as an index for making correla-
tions to various mechanical behavior of silty sand. (Thevanayagam,
1998, 2002; Polito and Martin, 2001; Ni et al., 2004; Georgiannou
et al., 2006; Rahman et al., 2008).
3. Micromechanics based model for sand
The approach to micromechanical modeling by Chang and Hi-
cher (2005) is adopted here for modeling the stress–strain behav-
ior of silty sand. The approach requires two elementary building
blocks: (1) the inter-particle model which deﬁnes the relationship
between inter-particle forces and movement of two coarse parti-
cles. (2) The ensemble model that integrate the contact behavior
over all particle contact orientations to obtain the stress–strain
relationship of the assembly.
The ensemble model is based on a micro–macro hypothesis
with rigorous mathematical structure. This part is rather straight-
forward. The detail of the ensemble model can be found in the ref-
erence by Chang and Hicher (2005), thus it is not repeated here.
The inter-particle model is dependent on the local contact proper-
ties of two coarse grains and their interaction with neighboring
ﬁne particles. This part is different from that used for the sand
model due to the effect of the presence of ﬁne grains, either ﬁlled
in the voids or wedged between coarse grains. A phenomenological
approach is usually necessary to establish such a model, since the
packing detail is not known a priori, and particle sizes, shapes and
alignments are randomly distributed.
For this purpose, the inter-particle model is assumed of the
elasto-plastic type, in which the parameters are calibrated phe-
nomenologically from experiments on soil specimens. The inter-
particle model is described in the following section.
3.1. Elastic inter-particle behavior
The elastic stiffness for two particles is assumed to follow a re-
vised Hertz–Mindlin’s formulation (Chang et al., 1989).ken ¼ ken0
fn
fref
 n
; ker ¼ 1eken0
fn
fref
 n
ð13Þ
where 1e is the ratio of shear-to-normal stiffness. fref is the reference
value given by fref ¼ 3patl0ðN=VÞ0 ; where pat is atmospheric pressure equal
to 101.3 kPa, (N/V)0 is the initial contact density of the coarse grain
skeleton, which can be evaluated from Eqs. (10) and (11) using a
reference initial void ratio. The variable fn is the contact force in
the normal direction, and l0 is the initial branch length (deﬁned as
the distance between the centroids of the two contact particles).
The elastic behavior involves three material constants ken0; 1e and n.
For silty sand, the mechanism for contact stiffness is more com-
plex than that for clean sand, due to the presence of ﬁne particles
adjacent to the contacts. Salgado et al. (2000) carried out bender
element tests on Ottawa sand with different ﬁnes contents. Ob-
served experimentally, the elastic modulus decreases with an in-
crease of ﬁnes contents for samples with the same void ratio.
The stiffness reduction may be partially explained by the way in
which the ﬁnes interact with the sand matrix (see Salgado et al.,
2000). Here, we emphasize the modeling of large strain behavior,
thus the effect of ﬁnes on the elastic property is not considered
in the present model. However, it is important for the small strain
problem.3.2. Plastic inter-particle behavior
The plastic work of the inter-particle contacts is primarily dissi-
pated by friction. In this model, Coulomb friction is used to repre-
sents the shear resistance. However, for two real soil particles, the
Fig. 6. Critical state lines for sands with various amounts of ﬁnes.
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of particles would also play an important role. For a loose packing,
the particles have more freedom to rotate thus the particle rolling
may occur before the Coulomb friction is fully mobilized, resulting
in a reduction of the shear resistance. For a dense packing, particle
rotation are constrained by interlocking, thus it would require
more effort to rearrange particle, resulting in an increase of the
shear resistance. The shear resistance cannot be simply evaluated
from two isolated particles. The effect on the shear resistancedue to this mechanism of particle rotation is signiﬁcant, especially
for soils with irregular particle shapes. Therefore, this effect must
be taken into account in order to have a realistic modeling for
the soil behavior. Unfortunately, the necessary understanding of
the complex interacting mechanism of rotation and sliding of par-
ticles has not been achieved at the present stage. Furthermore,
such analysis requires detailed information at contact level, such
as particle shapes and packing conﬁguration of the surrounded
particles, which are not possible to be measured from a practical
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include such analysis in a stress–strain model. For this reason,
we have adopted the simpliﬁed phenomenological approach used
in Chang and Hicher (2005).
This adopted approach avoided to take account of the detailed
mechanism involving particle rotations and particle shapes. It,
however, attempted to capture the essence of the phenomenon
by replacing Coulomb friction angle with an apparent inter-particle
friction angle, which is not a constant material property; instead,
its values varies during the loading process, dependent on some
state variables for the assembly. The state variables should be
properly identiﬁed so that the apparent inter-particle friction angle
can adequately replicate the ‘real’ shear resistance, which are inﬂu-
enced by the mechanism involving particle rotations and particle
shapes.
As shown in the experimental results by many investigators
(e.g., Skinner, 1969; Koerner, 1970; Chan and Page, 1997; Sukum-
aran and Ashmawy, 2001), granular material with the same Cou-
lomb friction angle (ul) but different particle shapes would
result in different critical state friction angles (ucs). The differences
in critical state friction angles are considered to be caused from the
particle shape, because under the continuous distortion at the crit-
ical state, the soil has no interlock or speciﬁc fabric/structure. In
the present model, for replicating the effect of particle shape, a ref-
erence apparent inter-particle friction /l is deﬁned, which is as-
sumed to be equal to the critical state friction angle (i.e.
/l ¼ /cs). The reference apparent inter-particle friction /l is an
intrinsic material property for a given type of soil (particle shape).
In order to further account for the effect of particle rotation on
the shear resistance, the apparent inter-particle friction should be
related to the degree of constraint in particle rotation (i.e.,
corresponding to the degree of interlocking), which in turn, is re-
lated to the density state of the assembly. In light of the experi-
mental observation by Biarez and Hicher (1994), the shear
resistance of an assembly is correlated very well with the density
state w of the soil, which is deﬁned in terms of the critical voidTable 1
Values of parameters for two types of silty sand: one is made of Ottawa sand and the oth
Parameters Critical state void ratio parameters Inter
k (eref)0 n a /l0
Ottawa sand 0.04 0.725 0.3 0.7 29.5
Foundry sand 0.035 0.81 0.68 0.58 33ratio and the void ratio of the assembly at current state (w = ecr/
e). The apparent inter-particle friction angle, denoted by up, is
therefore assumed to be in the following form
tan/p ¼
ecr
e
 m
tan/l ð14Þ
where m is parameter. At critical state, the apparent friction angle
/p ¼ /l. For a dense packing (ecr/e > 1), the apparent inter-particle
friction angle up is greater than the critical state friction angle
ucs. As the dense packing dilates during shear, the density state
ecr/e decreases and this leads to a reduction of the apparent fric-
tional angle and results in a strain-softening phenomenon. For a
loose packing (ecr/e < 1), the apparent frictional angle up is smaller
than the critical state friction angle ucs. As the loose packing con-
tracts during shear, the density state ecr/e increases with the appar-
ent frictional angle. Eventually, under a large shear deformation, the
assembly reaches the critical state (ecr/e = 1) and the apparent fric-
tion up is equal to ucs. For both dense and loose soils, the evolution
of density state w = ecr/e plays an important role in the plastic
behavior of inter-particle contacts.
In a local coordinate system, the inter-particle forces are fn, fs, ft;
and the displacements are dn, ds, dt. The subscripts n, s, and t are the
local coordinates on each contact as shown in Fig. 4.
The shear force fr and the plastic sliding d
P
r can be deﬁned as
fr ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
f 2s þ f 2t
q
and dpr ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðdps Þ2 þ ðdpt Þ2
q
ð15Þ
Plastic sliding at an inter-particle contact often occurs with an up-
ward or downward movement. This motion of particles results in
the volume change of the assembly, which is called shear-induced
dilation/contraction, a well-known phenomenon in sand (Taylor,
1948; Rowe, 1962; Goddard and Bashir, 1990). The sliding direction
at an inter-particle contact can be derived using an energy hypoth-
esis similar to those proposed by Taylor (1948) and Roscoe and Bur-
land (1968). It was assumed that the plastic work done on a contact
plane (fnddpn þ frddpr ) is equal to the hypothesized energy dissipation
due to friction (fn tan/lddpr ) at the contact. The following form was
used for the sliding direction:
ddpn
ddpr
¼ D tan/0 
fr
fn
 
ð16Þ
where D is a material constant, typically equal to 1. The value of u0
in Eq. (16) is typically equal to the reference apparent inter-particle
friction angle /l. The sliding direction represented by Eq. (16) is not
perpendicular to the yield surface (deﬁned in a contact-force space
as shown below). Thus, treating the particle sliding of Eq. (16) as a
ﬂow rule, we note that it has a similar feature of macro scale non-
associative ﬂow rule of conventional plasticity.
The yield function is assumed to be of Mohr-Coulomb type, de-
ﬁned in a contact-force space (e.g. fn, fs, ft). The subscripts n, s, and t
are the local coordinates on each contact as shown in Fig. 4.
Fðfn; fr ;jÞ ¼ frfn  jðd
p
r Þ ð17Þ
where jðdPr Þ is a hardening/softening function. When dF > 0, it indi-
cates loading, otherwise unloading.er is made of Foundry sand.
-particle parameters
q1 q2 m n ken0 1
e 1p
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about 0.56 for all samples).
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j dpr plane, which involves two material constants: up and kpr .
jðdpr Þ ¼
kpr tan/pd
p
r
fn tan/p þ kpr dpr
ð18Þ
The value of jðdpr Þ asymptotically approaches the apparent inter-
particle friction angle tan up. The plastic stiffness k
p
r is the initial
slope of the hyperbolic curve, which is assumed to relate ken by a
constant 1p:
kpr ¼ 1pken ¼ 1pken0
fn
fref
 n
ð19Þ
For silty-sand, the inter-particle contact is considered to be that
of two coarse grains with the presence of ﬁnes adjacent to the con-
tact area. The ﬁnes content can affect the plastic behavior in two
ways: (1) the critical state friction angle ucs may be affected by
the presence of ﬁnes (Thevanayagam et al., 2002; Murthy et al.,
2007), and (2) the critical state void ratio is dramatically altered
by the amount of ﬁnes, which can be shown in the observed loca-
tion changes of the critical state lines in e  log p0 curves in various
experiments (Zlatovic and Ishihara, 1995; Salgado et al., 2000; The-vanayagam et al., 2002; Murthy et al., 2007). These two effects on
plastic behavior will be considered to modify the inter-particle
behavior, as discussed below.3.2.1. Effect of ﬁnes on critical state friction angle (ul)
Observed from experimental results, the critical state friction
angle ucs generally increases with fc. Fig. 5 shows the increase of
ucs with ﬁnes content for Ottawa silty sand based on drained triax-
ial tests by Salgado et al. (2000) and undrained triaxial tests by
Murthy et al. (2007). In the literature, Ni et al. (2004) also showed
that the addition of 9% non-plastic silt (crushed silica) to the host
sand results in a 2.5% increase on average in ucs; Sladen et al.
(1985) showed that with 12% ﬁnes, ucs increases 4% for Nerlerk
sand. In some cases, however, the increase in ucs is negligible.
For example, data for Canadian silty sands (corresponding to fc in
the 0–10% range) compiled by Bouckovalas et al. (2003) indicate
that the ucs is rather insensitive to the silt content; This is also con-
ﬁrmed by the results for Foundry silty sand performed by
Thevanayagam et al. (2002).
Murthy et al. (2007) have given an explanation to the increase
in ucs with increasing silt content. They advocated that the pres-
ence of relatively small amounts of angular silt particles wedging
between the sand grains can add to the shear strength of the ‘ﬂow’
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Fig. 9. Comparison between experimental results and simulations for undrained triaxial tests on Foundry Sand with three different ﬁnes contents (Set A: initial void ratio e0 is
about 0.6 for all samples).
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of ucs). The sand with round particles is likely to have more in-
crease on ucs due to the wedging of silt particles.
In order to account for the ﬁnes effect on the critical state fric-
tion angle, a simple equation is given based on experimental obser-
vations (see Fig. 5),
/cs ¼ /cs0 þ
ðq1  /cs0Þfc
q2 þ fc
ð20Þ
where ucs0 corresponds to the critical state friction angle for clean
sand with 0% ﬁnes content; q1 and q2 are the parameters control-
ling the magnitude and rate of the increased critical state friction
angle. The reference apparent inter-particle angle for clean sand is
denoted as /l0, which is equal to the critical state friction angle
for clean sand ucs0 .
3.2.2. Effect of ﬁnes on critical state void ratio (ecr0)
The critical state line is not unique for silty sand with different
amounts of ﬁnes. The different locations of the critical state lines
for sand with different amounts of non-plastic ﬁnes have been
measured from triaxial test results on Ottawa sand (Salgado et
al., 2000 and Murthy et al., 2007), Foundry sand (Thevanayagam
et al., 2002), and Toyoura sand (Zlatovic and Ishihara, 1995). It is
generally observed that, for ﬁnes contents less than 25%, the criti-
cal lines seem to have the same shape but shifting downward withhigher amount of ﬁnes (Fig. 6a, c and e). A small amount of ﬁnes
appears to be sufﬁcient to signiﬁcantly shift downward the posi-
tion of the critical state line from that of the host sand tested at
0% ﬁnes content.
For convenience, the equation of critical void ratio ecr as a func-
tion of the mean effective stress for sand is adopted to describe
each critical line for silty sand.
ecr ¼ eref  k p
0
patm
 n
ð21Þ
where p0 is the mean effective stress of the packing and patm is the
atmospheric pressure. Three parameters are required to deﬁne each
critical state line eref, n and k. Since these critical state lines for dif-
ferent ﬁnes contents are relative parallel as shown in Fig. 6a, c and e,
the parameters n and k have the same value for all lines. However,
the value of parameter eref is different for each ﬁnes content.
Let the parameter (eref)0 be the parameter of eref for the host
sand (i.e., fc = 0). Eq. (5) is now used to determine the critical state
void ratio as a function of fc by replacing e with eref and eh with
(eref)0, then
eref ¼ ðeref Þ0ð1 fcÞ þ afc ð22Þ
As shown in Fig. 7, this equation also predicts well the effect of ﬁnes
on the locations of the critical state line for the three types of sand:
Foundry sand, Ottawa sand, and Toyoura sand. The predicted and
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Fig. 10. Comparison between experimental results and simulations for undrained triaxial tests on Foundry Sand with two different ﬁnes contents (Set B: inter-granular void
ratio eg is about 0.86 for all samples).
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critical state line, the void ratios are multiplied by (eref)0/eref and the
normalized curves are shown in Fig. 6b, d and f. It is interesting to
note that the values of ‘‘a’’ for the minimum void ratio in Eq. (5) and
Fig 3b are same as those for the critical void ratio in Eq. (5) and
Fig. 7 for Foundry sand, Ottawa sand, and Toyoura sand.
The mechanical process for achieving minimum void ratio is
different from that for achieving critical state void ratio. Therefore,
apparently, the values of ‘‘a’’ are not necessarily the same for the
two different mechanical processes. However, there is a common
feature in both processes, that is, the particle rearrangements are
caused by large shear distortion. Thus, the fabric structures result-
ing from both processes may have some similarity, which may be
the reason that the values of ‘‘a’’ are same for the two different
processes.
The location of the critical state line for different amounts of
ﬁnes content can affect the density state of the silty sand deﬁned
as ecr/e. The change of density state would then affect the inter-
particle apparent friction angle up in Eq. (14). Consequently, it
would affect the amount of plastic sliding between particles as
shown in Eq. (16).
3.3. Overall stress–strain relationship
With the elastic and plastic inter-particle behavior shown in the
previous section, a relationship can be established between contactforce and relative displacement for the two contact particles based
on an elasto-plastic framework. The stress–strain relationship for
an assembly can then be established from integrating the behavior
of inter-particle contacts in all orientations. In the integration pro-
cess, a micro–macro relationship is required. The model ustilized
the static hypothesis that can be used to estimate each inter-parti-
cle contact forces from the assembly stress; and to obtain the
assembly strain by integrating the inter-particle displacement.
The detailed process can be found in Chang and Hicher (2005).4. Experimental validation
In this section, two sets of experimental tests were used for the
model validation: (1) drained triaxial tests on Ottawa sand with
ﬁne particles of ground silica, and (2) undrained triaxial tests on
Foundry sand with crushed silica ﬁnes.4.1. Drained behavior of Ottawa silty sand
4.1.1. Review of experimental results
Experimental results used here for model validation were
drained triaxial compression tests on isotropically consolidated
samples made out of Ottawa sand with 0%, 5%, 10%, 15%, and 20%
nonplastic ﬁnes conducted by Salgado et al. (2000). Ottawa sand
is a standard, clean quartz sand, classiﬁed as SP according to the
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Fig. 11. Comparison between experimental results and simulations for undrained triaxial tests on Foundry Sand with three different ﬁnes contents (Set C: inter-granular void
ratio eg is about 0.8 for all samples).
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subround with diameters ranging from 0.1 to 0.6 mm. The coefﬁ-
cient of uniformity Cu is 1.48, and the mean grain size D50 is
0.39 mm. The maximum and minimum void ratios emax and emin
are 0.78 and 0.48, respectively. Its speciﬁc gravity Gs is 2.65. The
nonplastic ﬁnes are #106 Sil-Co-Sil ground silica, which passes
the #200 sieve and is composed of SiO2 (99.8%), with Al2O3
(0.05%) and Fe2O3 (0.035%) as secondary components. Its speciﬁc
gravity is 2.65.4.1.2. Calibration of model parameters
From isotropic compression tests on loose and dense Ottawa
sand by Dakoulas and Sun (1992), the normal stiffness ken0 =
140 N/mm was determined (with assumed 1e ¼ 0:5). The critical
state friction angleucs0 = 29.5, q1 = 45with q2 = 0.5 was obtained
from the experimental data in Fig. 5. The 1p ¼ 0:2 was obtained by
ﬁtting the stress strain curve at small strain level. The constant
m = 1.5 affecting the peak strength and stress dilatancy was ob-
tained by ﬁtting curves of stress and volume change vs axial strain.
The parameters for the critical state line ((eref)0 = 0.725, k =
0.04, n = 0.3, a = 0.7) was obtained from Fig. 7. The set of param-
eters for Ottawa silty sand is presented in Table 1.4.1.3. Simulations for drained tests
For the purpose of validation, we selected three drained triaxial
tests under a conﬁning pressure of 100 kPa. The selected tested
samples have different ﬁnes contents (0%, 5%, 10%). The corre-
sponding void ratios for the three samples are 0.56, 0.48, and
0.42, which gives almost the same skeleton void ratio eg  0.56
(see Eq. (12)). Fig. 8 shows comparisons between experiments
and predictions for the three drained triaxial tests on Ottawa sand
with three different ﬁnes contents. All three tests show dense sand
behavior with substantial difference. Samples with higher ﬁnes
contents show higher dilatancy and higher peak strength. It is
noted that, even though all samples have the same value of skele-
ton void ratio, their behavior are not the same. The ﬁnes contents
have considerable effects on the stress–stress-strength behavior.
The proposed model is able to capture the trend of stress–strain
and volume change behavior due to the effect of ﬁnes.4.2. Undrained behavior of Foundry silty sand
4.2.1. Review of experimental results
Experimental results from Foundry silty sand carried out by
Thevanayagam et al. (2002) were also used here for model valida-
tion. These experiments were undrained triaxial compression tests
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Fig. 12. Comparison between experimental results and simulations for undrained triaxial tests on Foundry Sand with three different ﬁnes contents (Set D: inter-granular void
ratio eg is about 0.675 for all samples).
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with various amounts of nonplastic ﬁnes. Soil samples were pre-
pared using a single host sand (Foundry Sand) mixed with crushed
silica ﬁnes (No. 40) at 7%, 15%, 25%, 40%, and 60% ﬁnes by dry
weight. Tests were also conducted on pure sand and 100% silica
ﬁnes. For pure sand, the coefﬁcient of uniformity Cu is 1.7, and
the mean grain size D50 is 0.25 mm. The maximum and minimum
void ratios emax and emin are 0.8 and 0.608, respectively. For the
purpose of validation, we selected four sets of undrained triaxial
tests on samples with different ﬁnes contents (0%, 7%, 15%): Set
A for the same void ratio (e0 = 0.6), Set B for the same high value
of skeleton void ratio (eg = 0.86), Set C for the same medium value
of skeleton void ratio (eg = 0.8), Set D for the same low value of
skeleton void ratio (eg = 0.675).4.2.2. Calibration of model parameters
The normal stiffness ken0 ¼ 70 N/mm, and 1e = 0.5 were assumed
since there is no report concerning elastic stiffness. The critical
state friction angle ucs0 = q1 = 33 with q2 = 0 was obtained from
all selected triaxial tests shown in Figs. 9–12. The 1p ¼ 0:15 was
obtained by ﬁtting stress strain curves at small strain levels. The
constant m = 2 affecting the peak strength and stress dilatancy
was obtained by ﬁtting curves of stress strain and effective stress
paths. The parameters for the critical state line
((eref)0 = 0.81, k = 0.035, n = 0.68, a = 0.58) was obtained fromFig. 7. The set of parameters for Foundry silty sand is presented
in Table 1.4.2.3. Simulations for undrained tests
Fig. 9 shows the comparisons between measured and predicted
results for samples under undrained triaxial tests in Set A. All sam-
ples in Set A have nearly the same void ratio (e0 = 0.6), but different
ﬁnes contents. The stress–strain behaviors are quite different for
each sample. In general, both the shear strength and dilatancy de-
crease with an increase in ﬁnes content of the specimen. The clean
host sand specimen shows dilative behavior with high strength
whereas the silty sand specimens with 15% ﬁnes content shows
contractancy behavior with low residual strength. In short, the
sample of host sand behaves as dense sand and the sample of silty
sand with 15% ﬁnes behaves as ‘‘loose sand’’, even though both
samples have the same void ratio. This contrast of behavior for
the two samples indicates that void ratio alone is clearly not a good
index for predicting for silty soil.
Figs. 10–12 show comparisons between experimental results
and predicted results for undrained tests of Sets B–D, respectively.
In Fig. 10 for Set B, both samples have the same skeleton void ratio
eg = 0.86, corresponding to void ratio e0 = 0.73, and 0.58 for fc = 7%
and 15%, respectively. The sample with e0 = 0.73 shows typical
loose sand behavior of static liquefaction, which almost loses sig-
niﬁcantly its strength after peak of the stress–strain curve.
Table 2
Summary of the calculated values of density state ecr/e for all undrained tests on the
soil mixtures made of Foundry sand.
e0 fc (%) p0 (kPa) ecr ecr/e0
0.598 0 100 0.775 1.296
0.596 7 100 0.697 1.17
0.595 15 100 0.565 0.95
0.745 7 100 0.697 0.936
0.595 15 100 0.565 0.95
0.8 0 100 0.775 0.97
0.674 7 100 0.697 1.03
0.53 15 100 0.565 1.066
0.675 0 100 0.775 1.148
0.558 7 100 0.697 1.25
0.424 15 100 0.565 1.333
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sand behavior; the sample loses its strength after peak, but regains
the strength after the shear strain increases. Thus the effect of
increase in ﬁnes tends to make the soil behave in a manner that
is more dilative and has a higher strength. It is noted that the effect
due to an increase of ﬁnes content on samples in the undrained
tests (Set B) is opposite to that on samples in the drained tests
(Set A).
In Fig. 11, all samples have the same eg = 0.8, corresponding to
void ratio e0 = 0.8, 0.67, and 0.53 for fc = 0%, 7%, and 15%,0
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Fig. 13. Undrained behavior of Foundry sand withrespectively. For the loose clean sand specimen (fc = 0%), static liq-
uefaction occurs under undrained shearing and it almost com-
pletely loses its strength. In contrast, the two silty sand
specimens (fc = 7%, fc = 15%) are dilative. Again, an increase in ﬁnes
tends to make the soil behave more dilative and it has a higher
strength.
In Fig. 12, the specimens at nearly the same eg = 0.675 exhibit
similar dilative behavior since they all have dense packing. The
general behavior is the same as those in Sets B and C. An increase
in ﬁnes tends to make the soil behave more dilative and it has a
higher strength.
According the tests in Sets B, C and D, given the same intergran-
ular void ratio, samples do not necessarily have the same behavior.
The ﬁnes content plays an important role. Thus, the skeleton void
ratio as an index is not sufﬁcient for predicting behavior.
Overall, good agreement was achieved between experiments
and predictions for all tests except for Set D. We, however, note
that the residual friction angles (measured at large strain level)
for tests in Set D are very different from tests in the other Sets.
Thus, the discrepancies may be due to sample variations. The
model predictions, however, well capture the trends of all four sets
of experimental tests.
The model utilizes a density state variable, which evolves with
loading and is a function of ﬁnes content.With this variable, the pre-
dictions show good agreement on general dilative or contractive
behavior. Thus it is considered that this variable could be a good0
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turesmade of Foundry Sand shown in Figs. 9–12, the calculated val-
ues of density state ecr/e (see Eq. (14)) for specimens after isotropic
consolidation to 100 kPa are displayed in Table 2. It is noted that
the density state varies from 0.94 to 1.33 for all the specimens.
The density state smaller than 1 (ecr/e < 1) indicates the soil speci-
men is looser than that at critical state, and vice versa. The effective
stress paths and stress–strain behavior for all tests shown in Figs. 9–
12 are plotted in Fig. 13. It is noted that there is a clear transition
from dense behavior to loose behavior. This transition cannot be di-
rectly related to initial void ratio, or skeleton void ratio. However,
the transition is closely related to the magnitude of density state
ecr/e. Therefore, the density state is a relevant index to identify the
possible static liquefaction of the behavior of silty sand. In the mea-
sured and predicted results for Foundry sand in undrained triaxial
tests, the value of ecr/e = 1 seems to be the borderline that separates
the dense and loose behavior of soils.5. Summary and conclusion
Silty sand is a soil mixture of two groups of particles: coarse
grains and ﬁne grains. For the content of ﬁnes below 25%, most
part of the ﬁne grains are in the voids surrounded by coarse
grains and the mechanical behavior of the soil mixture is domi-
nated by the network of coarse grains. Thus, the soil mixture is
treated as a network of coarse grains and modeled by analogy
to sand, using the same framework proposed by Chang and Hi-
cher (2005). However, special considerations have been made
for the inter-particle behavior to account for the inﬂuence of ﬁne
grains adjacent to the contact area of two coarse grains. The main
inﬂuence of ﬁnes is on the density state of the soil mixture, which
has consequences on the critical state friction angle and the slid-
ing magnitudes of particles. In the present model, an equation has
been proposed to determine the location of the critical state line
as a function of ﬁnes content, which is vital to deﬁne the density
state of the soil mixture. These features are needed for the model
in order to simulate experimental tests on sand with different
ﬁnes contents.
The model applicability was evaluated by comparing the predic-
tions and experimental results for two different host sands, Ottawa
sand and Foundry sand, with various amounts of ﬁne content. The
predictions show good agreement with experimental measure-
ments on sand with various amounts of ﬁne contents under both
drained and undrained conditions. It has demonstrated that the
present micromechanical approach is capable of modeling the
behavior of silty sand considering the inﬂuence of the ﬁnes content.Acknowledgements
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